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Abstract

We propose a general model for resources allocation of
virtual machines in multi-tier distributed environments. Our
model describes each virtual machine and each physical
host by a multi-dimensional resource vector, allowing the
coexistence of both quantitative and qualitative resources,
also handling different SLAs. As this model is a generaliza-
tion of the classical 0/1 Knapsack Problem, we have also
developed an heuristic to obtain very near optimum solu-
tions in a timely manner.

1. Introduction

As many computer science paradigms, virtualization has
come a long history, and after many years when it has been
secluded to high end systems is now on the rage.

Virtualization could be defined as a two phase process.
In the first phase, some resources of the same kind will be
grouped together, hiding physical boundaries; in the second
phase, a portion is carved out from this aggregated com-
pound and presented to an user. There are many types of
virtualization, depending on the type of the aggregated re-
source. VLAN are made for better network security, NAS
and SAN system allows for cheaper data consolidation,
backup and security, and Java JRE is instrumental in pro-
viding the same software to a wide variety of clients. By
adding an intermediate layer between physical resource and
resource demand, virtualization allows to demultipex and
routing requests to a single management point, achieving
better scalability, manageability, performances and security.
In operating system level virtualization, on each physical
host there is a Virtual Machine Monitor, also called hyper-
visor, that allows for many virtual hosts, called virtual ma-
chines, to share the physical resources. In fact, efficiency
in resource allocation is the compelling reason that forces

a data center to adopt operating system level virtualization,
as network and storage virtualization have been in the last
decades. The average server runs usually at10− 15% of its
capacity, so consolidating more systems inside it allows for
costs reduction, being the operational costs on a per physi-
cal server basis. Each physical machine has an hypervisor
that arbitrates accesses to resources stemming from virtual
machines, offering a standard view of heterogeneous physi-
cal systems, allowing to consider a system as a standardized
building block for large and complex distributed system.

In this paper we consider the problem of allocating a dis-
tributed, multi-tier system made up of virtualized physical
machines, over a pool of physical hosts. Both hosts and
virtual machines are characterized by a multidimensional
resource vector capturing the associated resources (CPU,
disk, memory,...). We formulate the problem as an inte-
ger programming problem which can be regarded as a gen-
eralization of the the knapsack problem [13]. Given the
complexity of the exact problem, we also propose an effi-
cient heuristic which provides good results in different sce-
narios. The proposed solution lends itself to implementa-
tion in systems with varying workload even over short time
scale which requires continuos reconfiguration to optmize
servers’ performance and resources’ usage.

Our approach differs from most of the prior works which
tackle the problem as a monodimensional problem, i.e., by
considering only the CPU as a resource to allocate, by ac-
counting for all the resources in the system. This is im-
portant as the performance of a virtual machine stems from
all the available resources, with different degree of inten-
sity according to the virtual machine role. As an example,
nodes of the front end tier require a lot of bandwidth for
connections with external clients, and nodes comprising a
database tier are bounded by available storage bandwidth.
As shown in [9] all of these (and possibly others) parame-
ters are required to have a correct estimation of service de-
mand times, so a general resource allocation model should



necessarily be multi-dimensional.
The rest of the paper is organized as follows. In section 2

we briefly discuss related works. In section 3 we define the
model both informally and as a linear programming prob-
lem, also showing that is a generalization of the knapsack
problem. The heuristic we have developed is shown in sec-
tion 4, and section 5 shows the results of the heuristic for
two different datasets. We conclude with some indications
for future works on section 6.

2. Related work

Many studies have been done where virtualization allows
for an easier reconfiguration of a distributed system sub-
jected to a changing workload. As mentioned earlier, in all
these studies, the arbitrated resource is mono-dimensional,
being the CPU shares or the number of physical servers,
only in [12] the model is 2-dimensional, considering a load
dependent resource as the CPU and a load independent re-
source as the main memory.

In [14] the CPU shares are dynamically allocated with
the goal to optimize a global utility function, under varying
workload levels. In [3] is defined a global QoS formula that
takes into account deviations from average response times,
throughput and probability of rejection with an autonomic
controller that tries to minimize its value arbitrating the
number of system processes devoted to serve the incoming
requests. In [4] the proposed architecture involves different
Application Environments (AEs), each one comprising sev-
eral physical machines bounded together. Each AE serves
different classes of transactions, and server could be moved
from one AE to another, to optimize a global utility func-
tion which is based on the performance metrics of the AEs,
like response time and throughput. The solver searches for
the optimal number of physical servers for each AE, with a
beam search algorithm.

In [18] a similar architecture has been considered for
appliance-based autonomic provisioning. The architecture
defines some Virtual Application Environments (VAEs): a
VAE spans over one or more virtual servers, and each virtual
server is defined inside a physical machine. Each VAE has
a On-Demand Router that dispatches incoming requests to
the less loaded virtual server inside the VAE, in a round-
robin fashion. A global and utility-driven model solver
founds the better configuration for the VAEs for the given
and forecasted workload. The solver is also virtualization
aware, as it takes into account the time required for virtual
machine provisioning, i.e. the time required to activate a
virtual machine and the time required for closing it once it’s
no longer needed; the overhead due to virtualization itself
is assumed as one tenth of the available resources.

In [2], the model focuses on SLA violations, trying to
minimize them. To get a solvable performance model, the

probability of a service time bigger than the agreed value is
bounded via the Markov Inequality, and the model is mono-
dimensional.

Other approaches are possible, particularly based on
control theory: in [15] it’s exposed a control of CPU shares
of two competing virtual machines over the same physical
node.

3. The mapping problem

Our problem could be defined as: given a set of virtual
machines and a pool of physical hosts, each one described
by a multi-dimensional resource vector, which is the best
mapping of the virtual machines to the physical hosts, ac-
cording to a metric that maximizes resources efficiency us-
age? This problem could be put in the context of auto-
nomic computing, where a performance model solver has
determined the numerousness of each of the tiers compris-
ing the architecture, and resources allocation must be done
in a timely manner. We define this problem as the map-
ping problem. We formalize the model in paragraph 3.1 and
showing that is a generalization of the knapsack problem in
3.2.

3.1. Formal model for the mapping problem

We formalize the mapping problem to allow for maxi-
mum generalization. To do so, we assume that each virtual
machine could have different resource demand vectors, and
for this group of available options we have to choose only
one element that also returns us a profit. Profits and demand
vectors are sound, so we can choose a more demanding ser-
vice level in the sake of a bigger profit. We want to maxi-
mize the grand total of profits, while minimizing the number
of hosts we have to use. It’s possible that, for some or even
all groups, we have only one virtual machine comprising it,
meaning that we cannot do anything but instantiate that ma-
chine, and in such a case the problem is only to find where
to instantiate it.

As the virtual machines are pooled in groups, we indi-
cate each one of them by two indexes, the first denoting
the group and the second the specific machine in the group
(i.e. the service level). Following this convention, ifX is a
generic scalar (or vector),X ij is the scalar (or vector) per-
taining to thej-th machine of thei-th group. We stipulate
that:

• G is the number of groups. Each group is composed
of gi different machines (it’s possible thatgi = 1 for
some or even alli’s);

• each virtual machine is described by aK-dimensional
demand vectorDij = (dij

1 , d
ij
2 , ...d

ij
k );



• each virtual machine has an associated profitP ij ;

• M is the number of physical hosts;

• each host is described by aK-dimensional resource
vector:
Rl = (rl

1, r
l
2, ..., r

l
k), 1 ≤ l ≤ M ;

• for eachi, we haveDi1 ≤ Di2 ≤ ... ≤ Digi , coordi-
nate wise, andP i1 ≤ P i2 ≤ ... ≤ P igi .

The decision variablexij
m is 1 if the virtual machineij is

instantiated over the physical hostsm, otherwise is 0.
We want to choose one and one only virtual machine

from each group, and allocate it on a physical host, with
the constraint that we cannot exceed the available resources,
maximizing the total profit earned and minimizing the num-
ber of physical machines that are used. To do so, we define
the variablesum to have the value 1 if the physical hostm

has at a least one virtual machines instantiated over it (so
it’s used), otherwise 0. Our objective function is:

P =

G∑

i=1

gi∑

j=1

M∑

m=1

xij
mP ij − C ∗

M∑

m=0

um (1)

which is the total profit of the virtual machines that are
instantiated minus the number of physical hosts used times
a convenient constantC. We assumeC as a constant as the
operational costs for running the infrastructure are usually
proportional to the size of the the infrastructure itself: as
we want to maximize their usage (by allowing for different
service levels) we also want not to use more than the strictly
necessary. We extend the≤ operator from scalar to vectors
in a coordinate wise fashion: ifX = (x1, x2, ..., xn), Y =
(y1, y2, ..., yn) we say thatX ≤ Y iff xi < yi for eachi s.t.
1 ≤ i ≤ n, so constraints are formally defined as:

∀i ,

M∑

m=1

gi∑

j=1

xij
m = 1 (2)

∀m ,
∑

i

∑

j

xij
mDij ≤ Rm (3)

∀m, i, j , um ≥ xij
m (4)

Eq. 2 means that we choose only one virtual machine
for each group, and eq. 3 means that, on each physical
machine, we cannot allocate more resources than available
ones, while eq. 4 relates variablesum to xij

m.

3.2. The mapping problem as a generaliza-
tion of the knapsack 0/1 problem

The mapping problem is a generalization of the well
known knapsack problem [13]. The generalization stems
from these considerations:

• the knapsack problem is mono-dimensional, whilst the
mapping problem is multi-dimensional;

• the knapsack problem is with only one knapsack
(physical machine), whilst the mapping problem deals
with multiple knapsacks (physical hosts);

• the knapsack problem doesn’t group items (virtual ma-
chines), the mapping problem does.

To the best of our knowledge, there are no published
studies (in the field of computing performance modeling
or operational research) that tackle all these generalizations
together. Multi-dimensional knapsacks, called MDKP, are
discussed in [5, 7]. Multi-knapsacks problems, are studied
in [8, 6]. Knapsacks where the constraint is to choose only
one item for each available group are called multiple-choice
knapsacks (MCKP) and a minimal algorithm to solve them
is shown in [16]. In [19] the algorithm is used in the con-
text of QoS for web services. Some intersections of these
problems have been evaluated: MMKP are multiple-choice,
multiple-dimensional knapsack problems, and heuristics to
solve them are discussed in [1, 10].

The only reference we have found, and only as a def-
inition, of a multi-dimensional, multiple-choice, multiple
knapsacks problem, that henceforth we call MMMKP prob-
lem, is in [17] in the context of an admission control system
for multimedia servers, but in that case the only arbitrated
resource was Internet bandwidth.

The MMMKP model will be simplified in a MMKP if we
have only one machine for each group, i.e.gi = 1 ∀i. The
mapping problem appears in a complex architecture follow-
ing the resolution of a multi-tier model, that determines the
number of required nodes for each tier, usually assuming
that workload would not experience transient surges. To try
to accommodate for peaks in workload intensity, we could
over-provision the architecture: it wouldn’t change the tier’s
size nor the architecture, but it will improve efficiency in
resources usage. This is even more realistic if the provider
and the owner of the multi-tier system belong to the same
organization, because in this scenario the solution of the
mapping problem is the minimum required level of service,
every extra computing power put in use (and therefore not
wasted) will be appreciated.

Another point is that being the numberM fixed or
not will lead us to different problems: ifM is fixed, we
have a knapsack problem, otherwise we have a multiple-
dimensional, multiple-choice bin packing problem, a gen-
eralization of the bin packing problem that as the MMMKP
is almost unknown in the scientific literature (a survey of
bin packing problems is [11]). We choose to work on a gen-
eralization of the knapsack problem, but with an objective
function that tries to minimize the number of physical hosts
used.



Last, we assume that the hypervisor technology that we
adopt to manage the virtual machines suffers of no or lit-
tle interference, meaning that is capable of perform a robust
and fair physical resources sharing. If this is not the case,
the mapping problem could be more easily defined as a gen-
eralization of the Generalized Assignment Problem.

As the MMMKP is a generalization of the classical knap-
sack 0/1 problem, it’s an NP-hard problem. Due to the
lack of space, we omit the demonstration that each classical
knapsack problem could be formulated as an MMMKP.

4. An heuristic for the MMMKP problem

The computational complexity of the MMMKP problem
forces us to develop an heuristic to solve it, as the problem is
practically intractable even for small datasets. We develop
it in two phases. First, we search for a basic solution, then
we try to improve it.

4.1. Basic solution

If a solution of an MMMKP instance exists, then the
same MMMKP has a basic solution (not necessarily opti-
mal) defined as the solution where, from each group, we
have chosen the less demanding virtual machine, i.e. the
lowest available SLA. Also, the MMMKP has some resem-
blances with the Bin Packing Problem (with two major dif-
ferences: first, in a multi-dimensional Bin Packing Problem
it’s possible to rotate and shuffle dimensions, second on the
Bin Packing Problem it’s possible that the set of items to be
packed are not known a priori) so we consider three classi-
cal bin packing heuristics for the basic problem: First Fit,
Next Fit and Best Fit ([11]).

4.2. Improving a solution

We improve the solution found insofar in an iterative
way. At the generic step, we have chosen a specific item
from each group. Assume that for the groupi we have item
j chosen on machinem, i.e. xij

m = 1 andx
i(j+1)
m = 0.

If j = gi we already have the most profitable item from
groupi so we move on another group to check for possible
increases. Otherwise, we remove itemj from groupi from
solution, releasing associated resources on knapsackm, and
we see if and where we could put in solution itemj+1 of the
same group. This requires considering all available knap-
sacks, finding the most suitable one to contain itemj +1. If
a generic knapsackk as enough free resources for the item,
we evaluate the goodness of the mapping by this formula:

Goodness(i, k) =
‖R‖

P i(j+1) − P i(j) − (1 − uk) ∗ C
(5)

In eq. 5:

• the numerator is the vector norm of the residual
amount of resources available on knapsackk after we
put itemi(j + i) in it;

• the denominator is the increase in profit we have
(P i(j+1) − P i(j)) minus the possibility that we may
end up using a knapsackk that was not yet used;

• the equation makes sense only if the denominator is
bigger than zero, i.e. only if we have some profit gain;

In each phase of the improvement process, we calculate
Goodness(i,k) for each acceptable value ofi (groups with
item more valuable) andk (knapsacks with available re-
sources). Lowest values ofGoodness(i, k) are better, so
we choose the minimum positive one, and we perform the
necessary corrections on the solution we are working on
(i.e., we setxij

m = 0 and x
i(j+1)
k = 1). We repeat this

process as long as we have made improvements on the cur-
rent solution. Each pass has a computational complexity of
Θ(G ∗ M).

4.3. Randomization of data

The proposed heuristic is strongly based on the order by
which groups and knapsacks are defined. We cannot stip-
ulate that it exists an order of these variable such that the
proposed heuristic could always find the optimal solution,
but we are confident that if we permute the groups and the
machines before actually building up a solution we could
increase the final profit. We observe that there is not a gen-
eral criterion to discriminate between good permutations
that lead us to find better solutions and bad permutations,
and also these good ones are less than statistically rare, un-
less that P=NP.

5. Experimental model and results

There are no analytical model of large distributed multi-
tier systems characterizing their resources demand, so in
defining our datasets we have been forced to make some-
what arbitrary choices. We have considered two different
multi tier systems, both three tier as they are pervasive,
modeling each node of them by two resources, number of
CPU cores and GiB of RAM. We have compared the solu-
tions from the heuristic with the optimal solutions obtained
via the GNU Linear Programming Toolkit solver. Then, we
performed some sensitivity analysis over theC parameter,
to see how changing it forces the system to use fewer phys-
ical hosts.

The optimal solution for the smallest system is found
within two minutes (with a Xeon 1.86 GHz processor),



while after two hours the computation for the larger system
was not yet concluded. As the formal solver determines first
the solution of the linear relaxation problem and then uses a
branch and bound technique to find the solution of the inte-
ger problem, progressively displaying results, we use these
two values as the range where the optimal solution of the
problem lies.

5.1. Models

The first three tier system is made up of 10 nodes
(2+6+2), the first tier of it has three service levels and oth-
ers have two. The second system is made up of 15 nodes
(4+7+3) with the first and second tier with three service lev-
els and the third tier with two. First system could use up to
6 physical hosts, the second has 8 physical hosts available.
On the second system we have introduced some heterogene-
ity in the hosts: three of them have 16 GiB of RAM and the
others 8 GiB, which is the value for all the hosts in the first
model. Each host for each model has 8 CPU cores.

Table 5.1 reports different resources demands for each
SLA of the nodes of the first model and the corresponding
profits, and table 2 for the second model. Table 3 charac-
terizes the available physical resources from hosts for both
models.

Tier Nodes CPUs RAM Size Profit
Web 2 1/2/3 2/4/4 2/4/8
Application 6 2/2 2/4 2/6
Database 2 2/4 2/4 2/4

Table 1. First model increasing SLAs and
profits.

Tier Nodes CPUs RAM size Profit
Web 2 1/2/4 2/4/6 2/4/8
Application 6 2/4/4 2/4/6 2/4/6
Database 2 2/2 4/6 2/6

Table 2. Second model increasing SLAs and
profits.

Model Hosts CPUs RAM
First 6 48 48 GiB
Second 8 64 88 GiB

Table 3. Physical hosts characterization for
both models.

5.2. Results

Table 4 and 5 summarize the results for the first and sec-
ond model. For both models, we see that the heuristic is ca-
pable to find an optimal solution or a very close one when
the value ofC is small, whilst as this parameter increases
the relative performances of the heuristic decrease. On ta-
ble 5 we don’t have the profit but only a range, where the
first number is the value found after two hours of computa-
tion and the highest is the solution of the linear relaxation,
rounded up to the nearest integer. We note that these range
increases in the same qualitative way that the difference be-
tween the best solution found by the heuristic and the low-
est value of the range itself increases. These two trends
would probably indicate that whenC increase the optimiza-
tion problem is even harder.

C Profit (optimal) Profit (heuristic)
0 60 60
1 55 53
2 50 46
3 45 39

Table 4. Comparisons of solutions for first
model.

C Range of profit Profit (heuristic)
0 87 ÷ 96 84
1 79 ÷ 95 69
2 71 ÷ 93 54
3 63 ÷ 89 39

Table 5. Comparisons of solutions for second
model.

For each model and each value ofC, we ran 10,000 times
each of the three basic strategies (first fit, next fit, best fit)
to see how they differ. Each run is randomized, and we rely
on the GNU GSL scientific library to provide an easy and
statistically independent way to permute data. It appears
that, unregarding the employed basic strategy, the heuristic
is capable of reaching the same high profit for each problem
instance, but the relative frequencies of these favorably out-
comes differ, as table 6 shows for the second model. They
all go down as the value ofC increase, but the Best Fit has
the smallest drop.



C First Fit Next Fit Best Fit
0 9.3% 13.3% 8.9%
1 10.9% 15.0% 8.9%
2 5.0% 8.2% 8.2%
3 4.9% 8.0% 8.2%

Table 6. Relative frequencies of best solu-
tions for second model.

6. Conclusions and future work

Allocation of resources for a virtualized autonomic en-
vironment is a complex problem, where we also have strin-
gent time constraints. The MMMKP model is capable of
capturing all the complexities of a multi-tier distributedsys-
tem, allowing for different SLAs to maximize resource us-
age and coexistence of both quantitative and qualitative re-
sources. The proposed heuristic works surprisingly well
when the pressure to minimize the number of used physical
hosts is not too high, otherwise it could obtain sub optimal
results. If we analyze the heuristic from a solution-space
point of view, we see that it basically moves from a feasible
solution to a close one, obtained by swapping the value of
two different decision variables, with only one of them set
to one. A general extension of this approach would be to
consider more ”distant” solutions, and this suggests us that
a genetic algorithm could be of a great use to tackle this
problem, as it allows to explore solutions with more than a
single swap of difference from the current solution.
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