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ABSTRACT
In this paper we present a model for the joint congestion
control, routing and MAC link access for ad hoc wireless
networks. We formulate the problem as a utility maximiza-
tion problem with routing and link access constraints. For
the solution we exploit the separable structure of the prob-
lem via dual decomposition and the sub-gradient algorithm.
The resulting algorithm directly translates into a distributed
cross-layer scheme for joint congestion control, routing and
link scheduling of the wireless links which revolves around
link layer pricing. The convex problem formulation and the
use of the sub-gradient algorithm ensures that the solution
converges within an interval of the optimal value. We illus-
trate the algorithm behavior through examples.

Categories and Subject Descriptors
C.2.1 [Computer-Communications Networks]: Network
Architecture and Design—Wireless Communications

General Terms
Performance, Design

Keywords
Congestion Control, Ad Hoc Wireless Networks, Cross-Layer
Design, Convex Optimization, Dual Decomposition.

1. INTRODUCTION
In the last few years, the fast growing demand for wire-

less services has greatly stimulated the research in the area
of wireless networking. Today the issues under study range
from congestion control, node mobility and routing, to MAC
algorithms and power control just to name a few. From the
research perspective, wireless networking poses new chal-
lenges with respect to traditional wired networks: on one
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hand, there are distinctive issues which are not present in the
wired counterpart, e.g., power control; on the other hand,
there are more traditional topics, e.g., congestion control,
which need to be revisited in light of the inherent character-
istics of the wireless domain, as the relative scarcity of the
radio resources, shared medium contention and the varying
channel condition.

Cross-layer design has recently received increased atten-
tion as an efficient solution to address these challenges [20].
The basic idea is to do away with the strict layer sepa-
ration in the protocol stack design: rather than design-
ing/optimizing the different layers in isolation, cross-layer
design takes advantage of (possibly strict) coordination among
the different layers.

In this paper we address the problem of congestion control
over a multi-hop ad-hoc wireless network as a cross-layer de-
sign problem, whereby we formulate the congestion control
problem as a joint optimization with the routing and the
link scheduling problems at the lower network layers.

We consider a multi-hop ad hoc network composed of fixed
wireless nodes. The network serves a set of traffic sources
which send traffic to a set of destinations. Sources can ad-
just their transmission rate to changes in network condi-
tions. Network nodes cooperate to route traffic along one
or more paths to destination. Since nodes communications
take place over a shared medium, it is interference limited. A
suitable MAC algorithm is used to schedule links for trans-
mission.

Building on the utility based optimization framework for
congestion control [13, 12, 16, 14], we formulate the op-
timal congestion control problem for the wireless network
described above as an utility based optimization problem.
Each traffic source is associated with a utility function which
is concave and increasing with the transmission rate and
subject to resource constraints; the objective is to maximize
the sum of the sources utilities. The problem constraints
comprise the routing and the MAC/physical channel con-
straints. As in [22] we use a flow model for traffic routing,
allowing multiple paths from source to destination. The con-
straints takes the form a flow conservation at network nodes
[22]. The MAC/physical constraints, instead, account for
the links transmitting over a shared medium. We express
these constraints in term of a link contention graph which
captures interference among links [4].

Based on the proposed model, the congestion control prob-
lem takes the form of a convex optimization problem with



linear constraints. For the solution we resort to standard
convexity theory results. In particular, to take advantage
of the problem structure, we solve the associated dual prob-
lem. The Lagrangian of the dual problem is separable and
naturally decomposes into different subproblems: a conges-
tion control subproblem for each flow, a routing subprob-
lem and a link access control subproblem. Each subproblem
has a well known structure: the congestion control problem
takes the form of a utility-based user rate optimization [13];
the routing problem results into a minimum cost path rout-
ing problem; finally, the link access problem takes the form
of a scheduling problem. Since the dual function is non-
differentiable, solution of dual cannot be solved via usual
descent methods [5]. We resort to the sub-gradient method
which guarantees convergence within an interval of the op-
timal dual solution irrespectively of the initial solution[5].
Because of the subproblems structure, the computation can
be carried out in a distributed way by network nodes. For
our model strong duality holds; as a consequence, the solu-
tion of the dual provides an optimal solution of the original
congestion control problem. We must observe, though, that
because the objective is not strictly concave, the solution of
the problem might not be unique (it is still possible to con-
sider a modified objective function which would make the
objective strictly convex and the solution unique).

The algorithm that solves the dual problem can be de-
composed into three distributed algorithms for congestion
control, routing and link scheduling, respectively. The key
observation is that the algorithms directly translate into a
cross-layer scheme whereby the transport, the network and
the link layer cooperate to drive the network to the opti-
mal operating point, i.e. the point which maximizes the
problem objective function. The three layers operations are
coordinated by link pricing as follows. At the MAC level
each link has an associated price which evolves over time
according to the law of supply and demand: when demand
for transmission over a link by the routing layer exceeds the
link assigned capacity, the link price increases, otherwise it
decreases. At each iteration, the MAC layer schedules links
for transmission (thus assigning capacity to each link) ac-
cording to link prices and scheduling constraints as to max-
imize the price of the scheduled links. At the routing level,
the routing algorithm updates the routes using a minimum
cost path algorithm with link price as cost. Traffic can be
splitted over minimum cost paths. Finally, at the transport
level, each source adjusts its rate as to maximize its net
utility. All the required computations can be carried out at
the different layers in a distributed way where nodes only
require local information (but knowledge of the topology
up to two-hop away is required to solve the link schedul-
ing problem though). We illustrate the algorithm behavior
through examples which illustrates the interactions between
link pricing, link scheduling and routing.

In this paper we do not consider power constraints, mo-
bility and/or flow dynamics. Power constraints can be eas-
ily accounted for within this framework. Following the ap-
proach in [21], we can express power constraints by intro-
ducing additional linear constraints. The problem is again
solved by dual decomposition. In this case, though, we have
two pricing mechanism: the links prices as above; and addi-
tional prices which is associated to node power consumption.
Both prices must be taken into account when adjusting flow
rate via the congestion control problem and flow routes via

routing. Details can be find in [15]. We have also studied
the algorithm behavior under time varying condition, flow
dynamics and nodes mobility through simulations. Our pre-
liminary results are promising. A more quantitative analysis
will be object of future work.

There is a large body of literature on utility based con-
gestion control schemes for wired networks (see [13, 12, 16,
17, 14] just to name a few). All these works assume traffic
sources are associated with concave utility functions increas-
ing with the source transmission rate. The optimization
problem lies in maximizing the aggregate utility without vi-
olating the the link bandwidth constraints. The solution
algorithms are based on the notion of resources prices which
are set as function of the network resources congestion level.
Source nodes adjust their transmission rate as to maximize
their net utility. Depending on whether the algorithm is
derived from the primal or dual formulation of the opti-
mization problem, different congestion control algorithms
are then obtained. The results, first derived under the as-
sumption of a fixed single path for each flow, have been
extended to the multi-path case. In this case, the analysis
is complicated by the non strict concavity of the objective
function.

The same framework has been more recently applied to
wireless networks [8, 24, 7, 22]. The present paper is mo-
tivated by the recent work by Chen and al. [7]. In [7] the
authors consider the congestion control problem for multi-
hop ad hoc wireless networks and present a joint design for
congestion control and MAC control under the assumption
of fixed routing. The joint optimization is thus limited to
layers two and four. Our work extends the results in [7]
by including the network layer into the joint design and by
considering multi-path routing. We show that all the three
layers can jointly cooperate to achieve system optimum and
that the very same pricing mechanism is used for determine
flow route and rates.

The rest of the paper is organized as follows. In Section 2
we present the system model. In Section 3 we apply duality
theory to derive a distributed algorithm for joint congestion
control, routing and MAC link scheduling. We illustrate the
algorithm behavior with numerical examples in Section 4.
Section 5 concludes the paper.

2. MODEL AND PROBLEM FORMULATION
We consider a static multi-hop ad-hoc wireless network.

Only nodes that are within the transmission range R of each
other can communicate directly. All nodes communicate
over the same logical channel with capacity C. Because of
the shared logical channel, a successful transmission pre-
cludes any node in the neighborhood of either the transmit-
ter or the receiver from engaging in another simultaneous
packet transmission/reception.

2.1 Network and Flow Model
We model the network with a directed graph G = (N, L)

(for the sake of simplicity we always assume connected)
where nodes represent the wireless stations and edges (i, j) ∈
L the communication links between nodes. We assume that
a communication link between node i and j exists if and
only if node i and j are within the transmission range of
each other, i.e., if and only if they can communicate di-
rectly. For symmetry, we assume that if (i, j) ∈ L then
(l, i) ∈ L as well.



The network topology can be represented by a node-link
incidence matrix A, with entries Anl, n ∈ N , l ∈ L as follows

Anl =





1 if l originates at n
−1 if l terminates at n

0 otherwise.
(1)

We model network traffic by a set of end-to-end multi-hop
flows F . Each flow f ∈ F is characterized by a source node
s(f) and a destination node d(f). Flow traffic is routed
by the network along one or multiple paths from source to
destination.

For each flow f , we denote by xf the amount of flow (mea-
sured in bit/s) injected into the network per unit of time and
by yfl the amount of flow f traversing link l per unit of time.
We will denote by x = (xf )f∈F and by yf = (yfl)l∈L the
flow rate vector and flow f link rate vector, respectively.
Unless otherwise stated, we will assume vectors are always
column vectors. For a vector z we will denote by zT its
transpose.

We assume lossless transmission. For a node n, denote
by O(n) and I(n) the set of outgoing and incoming links,
respectively. The flow conservation law implies that for f ∈
F , n ∈ N :

∑

l∈O(n)

yfl −
∑

l∈I(n)

yfl =





xf if n = s(f)
−xf if n = d(f)

0 otherwise.
(2)

(2) can be compactly written as

A yf = wf , f ∈ F (3)

where wf = (wfn)n∈N , and wfn denotes the amount of flow
f traffic injected/removed from the network at node n, i.e.,
and wfn = xf if n = s(f), wfn = −xf if n = d(f) and
wfn = 0 otherwise.

2.2 Link Contention Model
Because of the shared logical channel, transmission over

different links causes interference when the sender or the
receiver of one is within the interference range of the sender
or the receiver of the other.

Link contention can be represented by means of a con-
tention graph. In this link contention graph, each vertex
represents a wireless link. An edge between two nodes de-
notes that transmission along those links contend which each
other and those links cannot be active at the same time.

An accurate link contention graph depends on protocols
details. In this paper, as in [23, 7, 11] we assume that trans-
mission over two links cause contention when either ends of
one of the two links fall within carrier sense range of the
either end of the other links. For a graph G, the link con-
tention graph is then the undirected graph H = (NH , LH),
where

1. NH = L;

2. ((i, j), (i′, j′)) ∈ LH iff ∃(i′′, j′′) ∈ L such that {i, j} ∩
{i′′, j′′} 6= ∅ and {i′, j′} ∩ {i′′, j′′} 6= ∅

As an example, consider the wireless network in Figure 1.
The graph has 12 links (each segment counts twice, one link
for each direction). For the sake of simplicity, let us only
consider only the links directed from left to right. Figure 2
shows the corresponding link contention graph.

Links contention over the shared medium limits the achiev-
able links transmission rates. We now provide two different
types of constraints on the links transmission rate. The first
ones, the feasibility constraints, provide a complete set of
constraints, but are difficult to use in practice. As in [7] we
will ultimately resort to the second type of constraints, the
clique feasible constraints (9), which albeit being approxi-
mate for a general graph, are more easy to deal with.

2.2.1 Feasibility Constraints
To derive the constrains imposed by the MAC layer, ob-

serve first that at, any given time, only links that form
an independent set in the link contention graph can trans-
mit simultaneously without causing interference. For the
previous example, we distinguish seven independent sets:
I1 = {(1, 2), (5, 6)}, I2 = {(2, 4)}, I3 = {(4, 5)}, I4 = {2, 3},
I5 = {3, 5}, I6 = {(1, 2)} and I7 = {(5, 6)} (the last two are
not maximal in that they are subset of other independent
sets). Thus only links (1, 2) and (5, 6) can transmit simul-
taneously. For transmitting, any other link, e.g., link (2, 3),
requires all other link to be silent.

For a link contention graph H, let I be the set of all inde-
pendent sets of H. A transmission schedule over the network
S can be defined as in infinite sequence of independent sets
I1, I2, . . . , Ik, . . ., Ik ∈ I. Given a schedule S, link l ∈ L
average transmission rate in schedule S is

cl = lim
t→∞

∑t
k=1 S(l, k)

t
(4)

where S(l, k) = C if l ∈ Ik and S(l, k) = 0 otherwise. A
rate vector c = (cl)l∈L is feasible if there exists a sched-
ule such that link l rate is cl. In other words, a link rate
vector c is feasible, if and only if, it is possible to schedule
groups of links for transmission over time - with each group
corresponding to an independent sets in the link contention
graph - so that the average transmission rate rate defined
by (4) equals c.

For a general contention graph, Theorem 5 in [4] (actu-
ally [4] deals with link frequencies which can be regarded
as normalized rates) provides a characterization of feasible
rate vectors. Let rI = (rIl)l∈L the characteristic vector of
the independent set (of rates) I ∈ I, with rIl = C if l ∈ I
and rIl = 0 otherwise. The feasible rate region R is then
defined as the convex hull of the independent sets:

R =
{

r r =
∑

I aIrI , aI ≥ 0,
∑

I∈I aI = 1
}

(5)

R is a closed and connected compact space. The feasibility
(MAC) constraint takes the form

c ∈ R. (6)

2.2.2 Clique Constraints
We now look at the same problem from another view-

point. Consider the maximal cliques in H. A maximal clique
Q = (NQ, LQ) in H is a maximal complete subgraph of H.
A maximal clique in the link contention graph denotes a
distinct contention region because at any time only one link
(i, j) ∈ NQ can be in transmission. Each maximal clique
thus represents a distinct channel resource of capacity C
with the upstream nodes of the links in Q contending for
access to it. Hence, only links that are in different cliques
can transmit simultaneously (observe that links in an inde-
pendent set all belong to different cliques). Cliques deter-
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Figure 1: Ad Hoc Wireless Network. Small Net-
work Topology
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Figure 2: Small Network Topology. Contention
Graph.

mine constraints on the links transmission rate. Consider a
link l ∈ L. l needs to transmit for a fraction cl

C
of time to

sustain an average transmission rate of cl. Since links within
the same clique cannot transmit simultaneously we obtain
the following constraints

∑

l∈NQ

cl

C
≤ 1 Q ∈ Q. (7)

Define the clique contention matrix F with entries

FQl =

{
1/C if l ∈ NQ

0 otherwise
(8)

and rewrite (7) as

Fc ≤ 1, (9)

where 1 denotes a |Q| dimensional unit vector. A rate vector
c is said to be clique feasible if c ∈ F [11], where

F = {c | Fc ≤ 1}. (10)

The notions of feasibility and clique feasibility differ. Indeed,
it is possible to show that (9) is a necessary but not sufficient
condition for c to be feasible (this is due to the fluid-level
type of argument to derive the constraints, see [4]). Hence,
in general, R ⊆ F . Nevertheless, for the class of perfect
graphs1, and only for the class of perfect graph, feasibility
and clique feasibility coincide, i.e., (9) is also sufficient and
R = F .

2.3 Problem Formulation
1A graph is perfect if and only if it has no induced subgraph
that is isomorphic to an odd cycle of length at least five
without chords, or the complement of such cycle [9].

We associate a utility function Uf (xf ) with each flow f ∈
F representing the user utility when transmitting at a rate
xf . We assume Uf continuously differentiable and strictly
concave. We further assume utility is additive so that the
aggregate traffic utility is U(x) =

∑
f Uf (xf ).

Our goal is to determine the source rates which maximizes
the overall utility U(x) subject to the routing and MAC
constraints

P :max U(x) =
∑

f Uf (xf )

subject to: Ayf = wf f ∈ F∑
f yf ≤ c

c =
∑

I aIrI∑
I aI = 1, aI ≥ 0

yf ≥ 0

(11)

where the additional constraint
∑

f yf ≤ c simply requires
that the aggregate traffic over each link does not exceed the
link transmission rate.

3. JOINT CONGESTION CONTROL, ROUT-
ING AND MAC DESIGN VIA DUAL DE-
COMPOSITION

In this section we present our algorithm to solve the sys-
tem problem based on Lagrangian duality and show how it
can be implemented in a distributed way.

3.1 Dual Problem
Problem P is a convex optimization problem. The feasible

set is a convex and compact space. The objective function
(11) is strictly concave in xf but it is not strictly concave
in {xf , yf , c, a}. As a consequence, we do not have, in gen-
eral, a unique solution. Direct solution of P would require
a central entity with complete knowledge (from the wireless
network topology to the user utility functions) and would
not be of practical interest in a wireless network. Here we
take advantage of the problem structure and derive a dis-
tributed algorithm via dual decomposition.

There are many way to formulate the dual problem of
P depending on which Lagrangian multipliers we introduce
(when not all multipliers are considered we shall speak of
partial duality). Here we form the dual problem by re-
laxing (introducing Lagrangian multipliers) the constraints∑

f yf ≤ c. This results in the partial Lagrangian

L(x, y, c, p) =
∑

f

Uf (xf )− pT (
∑

f

yf − c)

=
∑

f

(Uf (xf )− pT yl) + pT c (12)

with multipliers p = (pl)l∈L. The dual problem associated
with P is then

D :min D(p) =
subject to p ≥ 0

(13)

with partial dual function

D(p) = max
x,y,c,a





L(x, y, c, p)

Ayf = wf f ∈ F
c =

∑
I aIrI∑

I aI = 1, aI ≥ 0
yf ≥ 0




(14)

Since the dual function is always convex, D is a convex op-
timization problem. Moreover, since Slater’s conditions for



constraints qualifications are satisfied [6, 5] ( P has concave
objective and affine constraints) strong duality holds; the
optimal values of the dual and the primal problems are thus
equal, and we can solve the latter via solution of the former.

We now consider the two key ingredients for the solution of
the dual, namely a method for computing the dual function
D(p) and the iterative solution strategy for solving the the
dual problem D.

3.2 Dual Function Evaluation
Since the Lagrangian (12) is separable in the flow vari-

ables xf , yf , f ∈ F , and the link variables c, the evaluation
of dual function (14) naturally decomposes in the following
subproblems

D(p) =
∑

f

DNET−f (p) + DMAC(p) (15)

where

DNET−f (p) = max
xf ,yf

{
Uf (xf )− pT yf | Ayf = wf

yf ≥ 0

}
(16)

DMAC(p) = max
c,a

{
pT c | c =

∑
I aIrI∑

I aI = 1, aI ≥ 0

}
.(17)

The first set of subproblems are user rate optimization prob-
lems [13]. They differ from the formulation in [13] in that
rate optimization is coupled with the routing problem. The
last subproblem is the MAC link scheduling problem.

Computation of DNET−f (p) requires the solution of the
following problem

NET− f max Uf (xf )− pT yf

subject to: Ayf = wf

yf ≥ 0.
(18)

NET− f is an uncapacitated flow problem with concave
objective. If we interpret the dual variable pl as the price
per unit bandwidth at link l, then pT yf =

∑
l plyfl is the

price to transmit flow f traffic at rate xf and to route it
along the network according to yf . The objective function
Uf (xf ) − pT yf is thus user f net utility. The constraints
are flow f conservation law: traffic is generated at rate xf

at node s(f), and without loss traverses the network to the
destination d(f) via all possible paths. Problem NET− f
thus consists in determining the traffic rate xf and routing it
to destination (by determining the vector yf ) as to maximize
flow net utility.

The solution of NET− f is quite simple. Because there
are no links capacity constraints, for any rate xf the net util-
ity is maximized when all traffic is sent along minimum cost
paths (sending any fraction of traffic along non minimum
cost paths would increase the cost).

The solution of NET− f is computed in two steps:

1. Compute the optimal source rate xf (p) as the maxi-
mizer of Uf (xf ) − xfp(f) (where by p(f) we denote
the cost of a minimum path from s(f) to d(f) for the
given set of prices p). We readily obtain

xf (p) = U ′−1
f (p(f)) (19)

where U ′−1 is the derivative of the inverse of the utility
function.

2. Split the traffic among the minimum cost paths. If
there is a unique minimum cost path the solution is
unique as well, with all traffic routed along this path.
If there are multiple minimum cost paths, we have in-
finite solutions corresponding to all possible ways to
split traffic. In our examples we equally divided traffic
among all minimum cost paths.

NET− f defines both congestion control and routing be-
havior. Routing is based on minimum cost path with the link
prices as costs. Multiple paths can be determined by means
of a suitable multi-path routing protocol (see [10, 19] for pro-
posals). Congestion control is based on (19) with source f
adjusting its rate according to the path price p(f). For a dis-
tributed implementation, the traffic source must learn about
the price p(f). One simple solution to convey the price is
to use packet marking , e.g., using congestion-indication bit
marking scheme as Random Exponential Marking (REM)[1]
or Self-normalized Additive Marking (SAM) [2].

We now turn to our attention to DMAC(p). Computation
of DMAC(p) is given by the solution of the problem

MAC max pT c
subject to: c =

∑
I aIrI∑

I aI = 1, aI ≥ 0.
(20)

MAC is the link scheduling problem and takes the form of
a linear program where the objective is the weighted sum of
the link transmission rates with the link prices p as weights.

For this problem, a solution is provided by a maximal
independent set rI . To see this observe that the theory
of linear programming ensures that a solution can be found
looking only at the extreme points of R. Since R is a convex
hull of the independent sets rI , its extreme points are the
independent sets themselves.

Let pI =
∑

l∈I pl denote the price associated with an in-
dependent set. It is not difficult to verify that the optimizer
c∗(p) satisfies

c∗(p) = argmaxrI
pI , (21)

i.e., the solution of MAC is given by the independent set
of maximal price. Since prices are non-negative, it is always
possible to take an maximal independent set as solution.

Solution of MAC requires knowledge of the independent
set rI . This is difficult to determine in a distributed man-
ner as required for implementation in an ad-hoc network.
An approach which leads to a distributed solution consists
in replacing the feasible constraints c ∈ R with the clique
feasible constraints c ∈ F , and presented in [7], is described
later in this section. It must be noted, though, that such an
approach may lead to approximate solution when the link
contention graph is not perfect.

3.3 Dual Problem Solution via Subgradient
Given the convexity of dual functions [5], a natural strat-

egy to the solution of dual problems lies in the use of the
descent methods. The situation is somewhat complicated by
the the fact that U(x) is not strictly concave in all variables
{xf , yf , c, a}. As a consequence, D(p) is only piecewise dif-
ferentiable, and the usual gradient methods, which requires
the objective function to be differentiable, cannot be used.
There are several methods to solve non-differentiable convex
problem. Here we resort to the subgradient method. The
choice is motivated by its simplicity and the possibility to
implement it in a distributed way.



Given a non-differentiable convex function V , a vector h
is a subgradient of V at a point p if

V (q) ≥ V (p) + hT (q − p) (22)

for all q.
For p ≥ 0, let x∗f (p) and y∗f (p) be an optimal solution of

NET− f , f ∈ F , and c∗(p) an optimal solution MAC. A
subgradient h of D(p) at p is then [5]

h(p) =
∑

f

y∗f (p)− c∗(p). (23)

The subgradient method generates a sequence of dual fea-
sible points p(k) using subgradients h(k) = h(p(k)). Here we
use the simplest form

p
(k+1)
l =

[
p
(k)
l − γ(k)h

(k)
l

]+

(24)

=


p

(k)
l − γ(k)(

∑

f

yfl(p
(k)
l )− cl(p

(k)))




+

(25)

where [.]+ denote projection on the non-negative orthant

and γ(k) the stepsize (possibly step-dependent).
Convergence of the sub-gradient method depend on the

stepsize choice. For a constant stepsize γ, which is here of
interest for practical purposes, the algorithm is guaranteed
to converge to within a interval of the optimal value. More
specifically, if the norm of the subgradient is bounded, i.e.,
‖ h(k) ‖≤ ∆, as is in our case since both yf and c are

bounded, then D(p(k)) converges within γ∆2

2
of the optimal

value D(p∗) [5].
It is important to observe that (25) can be be computed

in a distributed way, independently by each node, since it
is based on local information only, namely, for link l, the
actual load

∑
f yfl(p

(k)) and the allocated capacity cl(p
(k)).

We conclude by observing that the algorithm has a natural
interpretation in terms of law of supply and demand. When
link l is under-utilized, i.e., when

∑
f yfl < cl the price pl is

decreased, otherwise it is increased. The pricing adjustment
will induce the sources to adjust their rates, the network
to reroute traffic (both source and network decisions are
obtained via the solution of NET− f), and the link layer
to schedule link for transmission (by solving MAC).

3.4 Distributed Scheduling Algorithm
To derive a distributed scheduling algorithm, we follow the

approach in [7]. The first step lies in replacing the feasible
constraint with the clique feasibility constraint Fc ≤ 1.

Since R ⊆ F (with the equality holding only for perfect
graph), a solution to the modified problem may not be feasi-
ble when the graph is not perfect. In such case, the optimizer
is not necessarily an an independent set.

For a distributed algorithm, we consider the dual prob-
lem of MAC. Observe, though, that because of the linear
objective function solving the dual problem would not pro-
vide the primal solution (which is the link scheduling we are
trying to compute). To circumvent this problem, in [7] the
objective function is made strictly concave by subtracting
the term δcT c where δ is a small positive constant. The
scheduling problem thus becomes

MACclique(δ) max pT c− δcT c
subject to: Fc ≤ 1

c ≥ 0
(26)

1 2

3

4

5 6

Figure 4: Simulation Results: Average Rate over
each Link. The thickness is proportional to the link
average rate.

As δ approaches zero, the solution approaches a solution of
the original problem. The dual problem is then

min L(λ) = (27)

subject to λ ≥ 0 (28)

where λ = (λQ)Q∈Q and

L : L(λ) = max
c≥0

{
pT c− δcT c− λT (Fc− 1)

}
. (29)

The gradient algorithm then yields, component-wise,

λ
(k+1)
Q =

[
λ

(k)
Q + β(

∑

l

FQlcl(λ
(k))− 1)

]+

(30)

where β is a positive stepsize and cl(λ
(k)) is the maximizer

of L(λ(k)). From (29) after some algebra we readily obtain

cl(λ
(k)) =

[
pl −

∑
Q λ

(k)
Q FQl

2δ

]+

(31)

Convergence requires β to satisfy [5]

0 < β <
4δ

O Q
(32)

where O and Q denotes the maximal size of a clique and
maximum number of cliques containing the same link.

Computation of (30) and (31) can be carried out in a
distributed way. For link l = (i, j), we assume (31) is carried
out by node i. For a clique Q ∈ Q, (30) can be carried out
by (some or all) nodes which are transmitting over a link
belonging to the clique, i.e. by nodes n such that O(n) ∩
NQ 6= ∅. In order to compute (30) and (31) all nodes need
to find out which cliques they belong to and all rates of the
links in these cliques. This can be accomplished by having
nodes distributing connectivity and link rate information
up to two-hops away [23]. This is sufficient for each node to
compute all cliques its outgoing links belong to e.g., using
the Bierstone algorithm [3], and to acquire the rates of the
links forming these cliques.

A problem with this solution is that the scheduling algo-
rithm (30)-(31) just solves a single instance of MAC and
thus must be executed at faster time scale to ensure conver-
gence within an iteration of the dual algorithm. This poses
a lower bound on the iteration duration.
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Figure 3: Simulation Results: Source Rate and Dual Function with stepsize γ = 0.001.
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Figure 5: Simulation Results for Figure 1: Link Scheduling. The optimal schedule is periodic with period 6.

4. NUMERICAL EXAMPLES
In this section we illustrate the behavior of the algorithm

through numerical examples. We implemented the algo-
rithms presented in the previous Section with Matlab [18].
In the examples presented, we assume all utility functions
are logarithmic Uf (xf ) = log(xf ). This ensures that the
resulting flow rates are proportionally fair [12]. Channel
capacity is assumed to be C=10Mbit/s.

We first consider the small wireless network of Figure 1.
We assume there is only one flow originating at node 1 and
terminating at node 6. For this network the optimal flow
rate is C

3
. Figure 3 shows the flow rates and the dual func-

tion evolution over time for γ = 0.001. Here we assume
one iteration for unit of time. Both rates and dual function
approaches the optimal values very fast but not monotoni-
cally. The oscillations are due to the non-differentiability of
the objective function and the use of the subgradient method
with constant step size which ensures the dual approaches
the optimal dual value p∗ but, rather than reaching it, os-
cillates around it, exhibiting a limit-cycle behavior. As we
will show later, the oscillations we observe in “steady-state”
are a consequence of the scheduling process and are thus
inherent to the algorithm behavior.

Figure 4 shows the average amount of traffic carried over
each link (link thickness is proportional to amount of trans-
ported flow). As expected, traffic is evenly divided be-
tween the two available routes. To understand how traffic
is actually splitted over time, we take a close look at the
link scheduling. As shown in Figure 5, the optimal sched-
ule S∗ = . . . , I1, I2, I3, I1, I4, I5, . . . is periodic with period
T = 6. Traffic is thus alternatively routed over the two

available routes. At each iteration, transmission is granted
to the maximal independent set which maximizes maxI pI .
The mechanism that makes a different independent set cho-
sen for transmission at each iteration is easily explained in
terms of the price update, whereby links scheduled for trans-
mission (and the independent set they form) have their price
decreased, while the other links (and the corresponding in-
dependent sets) have the price increased.

Now we turn to a larger example in Figure 6, which has
been generated by randomly placing nodes in a unit square.
A link exists between two nodes if their distance is below the
threshold 0.24 (chosen as the smallest value which ensures
that the graph is connected). The graph has 50 nodes and
328 links (corresponding to the 164 bidirectional links shown
in the figure). We randomly chose 20 source-destinations
pairs.

Figure 8 and 9 show the flow rates xf for the different
flows and the dual function evolution for different values of
the stepsize. We observe that all rates converge at the same
speed, with faster convergence, but also bigger oscillations
for the bigger stepsize. Figure 7 show the average amount
of traffic transported over each link (thicker link transport
more traffic). For a set of representative flows, in Figure 10
we show the routes used and the amount of traffic along
each link. Source and destination are indicated by the two
bigger nodes. We observe that, for each flow, traffic follows
multiple paths from source to destination. Here, though,
traffic is not evenly split among routes: the largest fraction
of traffic is always sent along the shortest routes (measured
in terms of hops). This is no surprise as the longer routes are
more likely to share links with routes of other flows and are



Figure 6: Ad Hoc Wireless Network. Topology of a
randomly generated topology with 50 nodes and 164
bidirectional links.

Figure 7: Simulation Results: Average Rate over
each Link. The thickness is proportional to the link
average rate.
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Figure 8: Simulation Results: Source Rate and Dual Function with stepsize γ = 0.001.

thus can sustain smaller rates. We observed this behavior
throughout all our experiments.

5. CONCLUSIONS
We have presented a model for the joint congestion con-

trol, routing and MAC link access for ad hoc wireless net-
works. We have formulated the congestion control problem
as a convex optimization problem with routing and link ac-
cess constraints. We have solved the problem via dual de-
composition and sub-gradient algorithm. More interestingly,
the resulting algorithm directly translated into a distributed
cross-layer scheme for joint congestion control, routing and
link scheduling of the wireless links which revolves around
link layer pricing.

Much work remains to be done in order to make this
scheme practical. Here we have assumed ideal condition
with strict synchronization among nodes and among layer
operation, no propagation delay, no computation and sig-
naling overhead. We plan to address these issues in future
work.
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